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SPECTRALITY AND TILING BY CYLINDRIC DOMAINS
RACHEL GREENFELD AND NIR LEV
Abstract. A bounded set Ω ⊂ Rd is called a spectral set if the space L2(Ω) admits a
complete orthogonal system of exponential functions. We prove that a cylindric set Ω
is spectral if and only if its base is a spectral set. A similar characterization is obtained
of the cylindric sets which can tile the space by translations.
1. Introduction
1.1. Let Ω ⊂ Rd be a bounded, measurable set of positive Lebesgue measure. A
discrete set Λ ⊂ Rd is called a spectrum for Ω if the system of exponential functions
E(Λ) = {eλ}λ∈Λ, eλ(x) = e
2pii〈λ,x〉, (1.1)
constitutes an orthogonal basis in L2(Ω), that is, the system is orthogonal and complete
in the space. A set Ω which admits a spectrum Λ is called a spectral set. For example,
if Ω is the unit cube in Rd, then it is a spectral set, and Λ = Zd is a spectrum for Ω.
The study of spectral sets was initiated in the paper [Fug74] due to Fuglede (1974),
who conjectured that these sets could be characterized geometrically in the following
way: the set Ω is spectral if and only if it can tile the space by translations. We say that
Ω tiles the space by translations along a discrete set Λ ⊂ Rd if the family of sets Ω + λ
(λ ∈ Λ) constitutes a partition of Rd up to measure zero. Fuglede’s conjecture inspired
extensive research over the years, and a number of interesting results supporting the
conjecture had been obtained.
For example, it was proved in [Fug74] that if Ω tiles the space by translations along a
lattice, then it is a spectral set. To the contrary, a triangle in the plane [Fug74], or more
generally, any convex non-symmetric domain in Rd [Kol00a], is not spectral. It was
also proved that the ball in Rd (d > 2) is not a spectral set [Fug74, IKP99, Fug01], as
well as any convex domain with a smooth boundary [IKT01]. In [IKT03] it was proved
that a convex domain Ω ⊂ R2 is spectral if and only if it is either a parallelogram or
a centrally symmetric hexagon, which confirmed that Fuglede’s conjecture is true for
convex domains in dimension d = 2. See also the survey in [Kol04, Section 3].
On the other hand, in 2004 a counter-example to the “spectral implies tiling” part
of the conjecture in dimensions d > 5 was found by Tao [Tao04]. Subsequently, the
“tiling implies spectral” part was also disproved, and the dimension in these counter-
examples (all of which are finite unions of unit cubes) was reduced up to d > 3, see
[KM10, Section 4] and the references given there. The conjecture is still open, though,
in dimensions d = 1, 2 in both directions.
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1.2. A bounded, measurable set Ω ⊂ Rd (d > 2) will be called a cylindric set if it has
the form
Ω = I × Σ, (1.2)
where I is an interval in R, and Σ is a measurable set in Rd−1. In this case, the set Σ
will be called the base of the cylindric set Ω.
In this paper we are interested in the spectrality problem for cylindric sets. For
example, as far as we know, the following question has remained open: Let Ω be a
cylindric set in Rd (d > 3), whose base Σ is the unit ball in Rd−1. Is it a spectral set?
As the boundary of this set Ω is not piecewise flat (and, in particular, Ω cannot tile),
one would expect that the answer to this question should be negative. However the
approach in [IKT01] does not apply in this situation, as it is based on the existence
of a point on the boundary of Ω where the Gaussian curvature is non-zero, while for a
cylindric set this curvature vanishes at every point where the boundary is smooth.
The main result in this paper is the following:
Theorem 1.1. A cylindric set Ω = I ×Σ is spectral (as a set in Rd, d > 2) if and only
if its base Σ is a spectral set (as a set in Rd−1).
Thus we obtain a characterization of the cylindric spectral sets Ω in terms of the
spectrality of their base Σ.
In particular this confirms the negative answer to the question stated above, due to
the results in [Fug74, IKP99, Fug01]. More generally, we obtain the following:
Let Ω be a cylindric set in Rd (d > 3) whose base Σ is a convex body in Rd−1 with a
smooth boundary. Then Ω is not a spectral set.
This follows from Theorem 1.1 and the result in [IKT01]. If we combine Theorem 1.1
with the result in [IKT03], it yields the following corollary in dimension d = 3:
Let Ω be a cylindric convex body in R3. Then Ω is a spectral set if and only if Ω is
either a parallelepiped or a centrally symmetric hexagonal prism.
1.3. There is a commonly believed principle which states that for any result about
spectral sets there is an analogous result about sets which can tile by translations, and
vice versa. The result analogous to Theorem 1.1 concerning tiling, for which we also
provide a proof in this paper, is the following:
Theorem 1.2. A cylindric set Ω = I × Σ can tile Rd (d > 2) by translations if and
only if its base Σ tiles Rd−1 by translations.
Thus we have a similar characterization of the cylindric sets which can tile.
It is known, see [McM80], that a cylindric convex body in R3 which tiles by trans-
lations must be either a parallelepiped or a centrally symmetric hexagonal prism (this
can also be derived based on Theorem 1.2). Hence we obtain:
Corollary 1.3. A cylindric convex body Ω ⊂ R3 is a spectral set if and only if it can
tile by translations.
In other words, Fuglede’s conjecture is true for cylindric convex bodies Ω in R3. The
latter conclusion plays an important role in our paper [GL16], where we establish that
Fuglede’s conjecture is true for all convex polytopes in R3.
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1.4. The “if” part of Theorem 1.1 is obvious. Indeed, suppose that Σ is a spectral set,
and assume for simplicity that I = [−1
2
, 1
2
]. If Γ ⊂ Rd−1 is a spectrum for Σ, then it is
easy to check that Λ = Z× Γ is a spectrum for Ω, and hence Ω is spectral.
On the other hand, the converse, “only if” part of the result, is non-trivial. Roughly
speaking, the difficulty lies in that knowing Ω to have a spectrum Λ in no way implies
that Λ has a product structure as Z × Γ. In particular, we do not have any obvious
candidate for a set Γ ⊂ Rd−1 that might serve as a spectrum for Σ.
To address this difficulty we adapt (and simplify) an approach from the paper [IP98]
due to Iosevich and Pedersen. The main result in that paper is a characterization of
the spectra of the unit cube in Rd by a tiling condition (in connection with this result,
see also [JP99, LRW00, Kol00b]). The approach involves an iterative procedure, where
in each step a certain modification to the given spectrum is performed, which yields a
new spectrum for Ω. This produces an infinite sequence of sets Λn each one of which is
a spectrum for Ω.
We can prove that for an appropriately chosen series of modifications, the sequence
Λn converges weakly to a limit Λ
′ which is also a spectrum for Ω, and which satisfies
the additional condition that
Λ′ ⊂ Z× Rd−1.
It is then possible to use a result due to Jorgensen and Pedersen [JP99] which yields
that the cylinder’s base Σ must be a spectral set, and thus we obtain Theorem 1.1.
The proof of Theorem 1.2 is given along similar lines.
2. Spectrality and Tiling
We start by recalling some basic properties of spectra and tilings that will be used in
the next sections.
2.1. Let Ω ⊂ Rd be a bounded, measurable set of positive measure. A discrete set
Λ ⊂ Rd is called a spectrum for Ω if the system of exponential functions E(Λ) defined
by (1.1) is an orthogonal basis in the space L2(Ω).
For any two points λ, λ′ in Rd we have
〈eλ, eλ′〉L2(Ω) = 1̂Ω(λ
′ − λ),
where
1̂Ω(ξ) =
∫
Ω
e−2pii〈ξ,x〉dx, ξ ∈ Rd
is the Fourier transform of the indicator function 1Ω of the set Ω. It follows that the
orthogonality of the system E(Λ) in L2(Ω) is equivalent to the condition
Λ− Λ ⊂ {1̂Ω = 0} ∪ {0}. (2.1)
2.2. Let f > 0 be a measurable function on Rd. We say that f tiles Rd by translations
along a discrete set Λ ⊂ Rd if we have∑
λ∈Λ
f(x− λ) = 1 a.e. (2.2)
In this case we will shortly write that f + Λ is a tiling.
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If f = 1Ω is the indicator function of a bounded, measurable set Ω ⊂ R
d, then the
condition (2.2) means that the family of sets Ω + λ (λ ∈ Λ) constitutes a partition of
R
d up to measure zero. In this case, we will say that Ω + Λ is a tiling.
2.3. A set Λ ⊂ Rd is said to be uniformly discrete if there is δ > 0 such that |λ′−λ| > δ
for any two distinct points λ, λ′ in Λ. The maximal constant δ with this property is
called the separation constant of Λ, and will be denoted by δ(Λ).
The condition (2.1) implies that if Λ is a spectrum for Ω then it is a uniformly discrete
set, with separation constant δ(Λ) which is not smaller than
χ(Ω) := min
{
|ξ| : ξ ∈ Rd, 1̂Ω(ξ) = 0
}
> 0. (2.3)
Also if Ω + Λ is a tiling then the set Λ must be uniformly discrete, and in this case
the separation constant δ(Λ) is not less than
η(Ω) := min
{
|x| : x ∈ Rd, mes(Ω ∩ (Ω + x)) = 0
}
> 0. (2.4)
This is due to the sets Ω + λ (λ ∈ Λ) being pairwise disjoint up to measure zero.
2.4. We denote by |Ω| the Lebesgue measure of the set Ω. The following lemma gives
a characterization of the spectra of Ω by a tiling condition:
Lemma 2.1 ([Kol00b]). Let Ω ⊂ Rd be a bounded, measurable set, and define
f(x) := |1̂Ω(x)|
2/|Ω|2, x ∈ Rd.
Then a set Λ ⊂ Rd is a spectrum for Ω if and only if f + Λ is a tiling.
Proof. Assume first that Λ is a spectrum for Ω, so the system E(Λ) is orthogonal and
complete in L2(Ω). Hence by Parseval’s equality∑
λ∈Λ
|〈eλ, g〉|
2 = |Ω| · ‖g‖2 (2.5)
for every g ∈ L2(Ω). In particular, using (2.5) for g = ex yields∑
λ∈Λ
|1̂Ω(x− λ)|
2 = |Ω|2, (2.6)
for every x ∈ Rd. Hence f + Λ is a tiling.
Conversely, suppose that (2.6) holds for almost every x ∈ Rd. Since 1̂Ω is a continuous
function, the left-hand side of (2.6) must be everywhere not greater than |Ω|2. Using
this with x going through the elements of Λ yields that E(Λ) is an orthogonal system
in L2(Ω). Moreover, the system E(Λ) spans every exponential ex for which the equality
in (2.6) is satisfied. Since this holds for a dense set of points x in Rd, the system E(Λ)
is complete in L2(Ω). Hence Λ is a spectrum for Ω. 
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3. Limits of spectra and tilings
3.1. Let Λn be a sequence of uniformly discrete sets in R
d, with separation constants
δ(Λn) > δ > 0. The sequence Λn is said to converge weakly to a set Λ if for every ε > 0
and every R there is N such that
Λn ∩ BR ⊂ Λ +Bε and Λ ∩ BR ⊂ Λn +Bε
for all n > N , where by Br we denote the open ball of radius r centered at the origin.
In this case the weak limit Λ is also uniformly discrete, and moreover, δ(Λ) > δ.
Lemma 3.1. Let Λn be a sequence of uniformly discrete sets in R
d, δ(Λn) > δ > 0,
which converges weakly to a set Λ. Suppose that f ∈ L1(Rd), f > 0, and that f +Λn is
a tiling for every n. Then also f + Λ is a tiling.
Proof. It would be enough to show that if ϕ > 0 is a smooth, compactly supported
function on Rd,
∫
ϕ(x)dx = 1, then∫
Rd
ϕ(x)
∑
λ∈Λ
f(x− λ) dx = 1. (3.1)
Fix such a function ϕ, and define
Φn(x) :=
∑
λ∈Λn
ϕ(x+ λ). (3.2)
The weak convergence of Λn to Λ implies that for any smooth, compactly supported
function ψ on Rd we have
lim
n→∞
∫
Rd
ψ(x)Φn(x)dx =
∫
Rd
ψ(x)Φ(x)dx, (3.3)
where Φ(x) is defined as in (3.2) but with Λ instead of Λn. Moreover, we have ‖Φn‖∞ 6
C, where the constant C = C(ϕ, δ) does not depend on n. Hence Φn converges weakly
in L∞(Rd) to Φ. In particular, (3.3) is satisfied also for the function ψ = f which is in
L1(Rd). But since f + Λn is a tiling, the left-hand side of (3.3) in this case is equal to
1. It follows that also the right-hand side of (3.3) must be 1, which implies (3.1). 
3.2. By applying Lemma 3.1 to the function f = |1̂Ω|
2/|Ω|2 and to f = 1Ω, we obtain:
Corollary 3.2. Let Ω ⊂ Rd be a bounded, measurable set.
(i) Suppose that for each n, the set Λn is a spectrum for Ω. If Λn converges weakly
to Λ, then also Λ is a spectrum for Ω.
(ii) Suppose that Ω + Λn is a tiling for every n. If Λn converges weakly to Λ, then
also Ω+ Λ is a tiling.
Remark. Using weak limits is a well-known technique in the analysis of frames and
Riesz systems of exponentials, which in this context goes back to Beurling. To our
knowledge, so far this technique has not been used in the study of spectral sets.
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4. Orthogonality and Packing
4.1. If f > 0 is a measurable function on Rd, and Λ is a discrete set in Rd, then
following [Kol00b] we say that f + Λ is a packing if we have∑
λ∈Λ
f(x− λ) 6 1 a.e.
Notice that if f = 1Ω then this just means that the sets Ω + λ (λ ∈ Λ) are pairwise
disjoint up to measure zero. In this case we will say that Ω + Λ is a packing.
4.2. Let A,B be two discrete sets in Rd, and τ be a vector in Rd. Suppose that each
one of the three sets B, B + τ , B − τ is disjoint from A, and define
Λ := A ∪ B, Λ′ := A ∪ (B + τ), Λ′′ := A ∪ (B − τ).
Lemma 4.1. Let f > 0 be a measurable function on Rd. Assume that f +Λ is a tiling,
while f + Λ′ and f + Λ′′ are packings. Then f + Λ′ and f + Λ′′ are both tilings.
Proof. Define
fA(x) :=
∑
λ∈A
f(x− λ), fB(x) :=
∑
λ∈B
f(x− λ).
Then the assumptions of the lemma mean that
(i) fA(x) + fB(x) = 1,
(ii) fA(x) + fB(x− τ) 6 1,
(iii) fA(x) + fB(x+ τ) 6 1
for a.e. x ∈ Rd. Subtracting (i) from each one of (ii) and (iii) yields
fB(x− τ) 6 fB(x), fB(x+ τ) 6 fB(x) a.e. (4.1)
Translating by the vector τ one can then see that (4.1) is only possible if
fB(x− τ) = fB(x) = fB(x+ τ) a.e.,
which implies the assertion of the lemma. 
4.3. Let Ω be a bounded, measurable set in Rd. The following lemma gives a criterion
for the orthogonality of an exponential system in L2(Ω) by a packing condition:
Lemma 4.2 ([Kol00b]). A system of exponential functions E(Λ) is orthogonal in L2(Ω)
if and only if f + Λ is a packing, where f := |1̂Ω|
2/|Ω|2.
This can be proved in a similar way to Lemma 2.1.
Combining Lemmas 2.1, 4.1 and 4.2 we obtain:
Corollary 4.3. Under the assumptions in Section 4.2, if the set Λ is a spectrum for Ω,
and if both systems E(Λ′) and E(Λ′′) are orthogonal in L2(Ω), then these systems are
also complete in L2(Ω), that is, each one of the sets Λ′ and Λ′′ is a spectrum for Ω.
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5. Cylindric sets
In this section we assume Ω to be a cylindric set in Rd, namely
Ω = I × Σ (5.1)
where I ⊂ R is an interval, and Σ is a bounded, measurable set in Rd−1.
Moreover, we will assume for simplicity that I = [−1
2
, 1
2
]. In the next section we will
reduce the general situation to this more specific one by applying an affine transforma-
tion, so this assumption will not result in any loss of generality.
We shall denote a point x ∈ Rd as x = (x1, x2), where x1 ∈ R and x2 ∈ R
d−1.
5.1. Due to (5.1) the Fourier transform of the indicator function 1Ω is given by
1̂Ω(ξ) = 1̂I(ξ1) 1̂Σ(ξ2), ξ = (ξ1, ξ2) ∈ R× R
d−1. (5.2)
Since the zero set of the function 1̂I is Z \ {0}, it is easy to confirm the following:
Lemma 5.1. Let λ, λ′ be two points in Rd. The exponentials eλ and eλ′ are orthogonal
in L2(Ω) if and only if λ′1 − λ1 is a non-zero integer, or λ
′
2 − λ2 lies in the zero set of
the function 1̂Σ.
5.2. We also have the following parallel statement for tiling by translations of the
cylindric set Ω, although it is not completely analogous to Lemma 5.1.
Lemma 5.2. Assume that Ω + Λ is a tiling, and let λ, λ′ be two distinct points in Λ.
Then λ′1 − λ1 is a non-zero integer, or the set (Σ + λ2) ∩ (Σ + λ
′
2) has measure zero.
Proof. Suppose that the set (Σ + λ2) ∩ (Σ + λ
′
2) in R
d−1 has positive measure. We will
show that in this case λ′1 − λ1 must be a non-zero integer.
Observe first that we must have |λ′1−λ1| > 1, for otherwise the set (Ω+λ)∩ (Ω+λ
′)
in Rd would have positive measure, which contradicts the assumption that Ω + Λ is a
tiling. By symmetry, we can therefore assume that λ′1 − λ1 > 1.
The proof is by induction on the value of the smallest integer n such that λ′1−λ1 6 n.
If n = 1 then it means that λ′1 − λ1 = 1, so in this case the assertion is true.
Now consider the case when n > 1. Then we have λ′1− λ1 > 1. Hence, if we consider
the cylindric set in Rd defined by
S :=
[
λ1 +
1
2
, λ′1 −
1
2
]
× ((Σ + λ2) ∩ (Σ + λ
′
2)) ,
then S has positive measure. Since Ω + Λ is a tiling, there must therefore exist some
λ′′ ∈ Λ such that the set (Ω + λ′′) ∩ S is of positive measure. Notice that for Ω + λ′′ to
intersect S with positive measure, it is necessary and sufficient that
λ1 < λ
′′
1 < λ
′
1
and that the set
(Σ + λ2) ∩ (Σ + λ
′
2) ∩ (Σ + λ
′′
2)
in Rd−1 has positive measure.
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However, since the point λ′′ is different from both λ and λ′, and since Ω + Λ is a
tiling, the set Ω+λ′′ can intersect neither Ω+λ nor Ω+λ′ with positive measure. This
implies that we must actually have
λ1 + 1 6 λ
′′
1 6 λ
′
1 − 1.
We conclude that both λ′′1 − λ1 and λ
′
1 − λ
′′
1 cannot be greater than n − 1. So by the
inductive hypothesis it follows that λ′′1 − λ1 and λ
′
1 − λ
′′
1 are both integers. Thus also
λ′1 − λ1 must be a (non-zero) integer, as we had to show. 
5.3. Let Λ be a discrete set in Rd. Given t ∈ R we consider a mapping αt defined by
αt(λ) :=
{
λ, λ1 ∈ Z,
λ+ τ(t), λ1 /∈ Z
for each λ ∈ Λ, where τ(t) := (t, 0, 0, . . . , 0) ∈ Rd.
Lemma 5.3.
(i) Assume that Λ is a spectrum for Ω. Then αt is a one-to-one mapping on Λ, and
its image αt(Λ) is also a spectrum for Ω.
(ii) Similarly, if Ω + Λ is a tiling, then again αt is one-to-one on Λ, and Ω + αt(Λ)
is also a tiling.
This is a variant of [IP98, Lemma 3.3] where a similar result was proved for spectra
and tilings by the unit cube. Here we give an alternative proof of this lemma, based on
the results obtained above.
Proof of Lemma 5.3. First we prove part (i). Assume that Λ is a spectrum for Ω. Using
Lemma 5.1 one can see that the exponentials eαt(λ) and eαt(λ′) are orthogonal in L
2(Ω)
whenever λ, λ′ are two distinct points in Λ. Hence αt is a one-to-one mapping on Λ,
and the system of exponentials E(αt(Λ)) is orthogonal in L
2(Ω).
In a similar way, the same is true also for the mapping α−t.
Consider a partition of Λ into two disjoint sets
A := {λ ∈ Λ : λ1 ∈ Z} , B := {λ ∈ Λ : λ1 6∈ Z} . (5.3)
Then we have
αt(Λ) = A ∪ (B + τ(t)), α−t(Λ) = A ∪ (B − τ(t)).
Hence we may apply Corollary 4.3, which yields that each one of the sets αt(Λ) and
α−t(Λ) is a spectrum for Ω. This proves part (i).
Now we turn to prove part (ii). Suppose that Ω+Λ is a tiling. Due to Lemma 5.2, if
λ, λ′ are two distinct points in Λ, then λ′1−λ1 is a non-zero integer or (Σ+λ2)∩(Σ+λ
′
2)
is a set of measure zero in Rd−1. In either case it follows that the intersection of the
two sets Ω+αt(λ) and Ω+αt(λ
′) has measure zero. Hence, αt is a one-to-one mapping
on Λ, and Ω + αt(Λ) is a packing. The same is true also for the mapping α−t.
Consider again the partition of Λ given by (5.3). This time we apply Lemma 4.1 with
the function f = 1Ω, which implies that Ω + αt(Λ) and Ω + α−t(Λ) are both tilings.
Hence part (ii) is also proved. 
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5.4.
Lemma 5.4.
(i) Suppose that Ω is a spectral set. Then Ω admits a spectrum Λ satisfying
Λ ⊂ Z× Rd−1. (5.4)
(ii) Similarly, if Ω can tile by translations, then there is a set Λ satisfying (5.4) such
that Ω+ Λ is a tiling.
Proof. Suppose first that Ω is spectral, and let Λ be a spectrum for Ω. Let δ := χ(Σ)/3,
where the constant χ(Σ) is defined as in (2.3). Choose a sequence {yn} ⊂ R
d−1 satisfying
|yn| → ∞, n→∞, (5.5)
and such that
∞⋃
n=1
Un = R
d−1 (5.6)
where Un denotes the open ball in R
d−1 of radius δ centered at the point yn.
We define by induction a sequence of sets Λn, each one of which is a spectrum for Ω,
in the following way. Let Λ0 := Λ. Now suppose that the sets Λ0,Λ1, . . . ,Λn−1 have
already been defined. Since Λn−1 is a spectrum for Ω, then by Lemma 5.1 there is a
number tn, 0 6 tn < 1, such that
Λn−1 ∩ (R× Un) ⊂ (Z− tn)× Un. (5.7)
Then we define
Λn := αtn(Λn−1),
where αtn is the mapping from Section 5.3. It follows from Lemma 5.3 that also Λn is
a spectrum for Ω.
Due to the choice of the number tn at the n’th step of the construction, and since the
mapping αtn leaves fixed all the points belonging to Z× R
d−1, it follows that
Λn ∩ (R× (U1 ∪ · · · ∪ Un)) ⊂ Z× R
d−1 (5.8)
for every n. Moreover, by (5.5) and (5.6), for any R there is N such that
Λn ∩ (R×BR) = Λm ∩ (R× BR), n,m > N, (5.9)
where BR denotes the open ball in R
d−1 of radius R centered at the origin. The latter fact
implies that the sequence Λn converges weakly to a certain set Λ
′, which by Corollary 3.2
is also a spectrum for Ω. It follows from (5.6) and (5.8) that the new spectrum Λ′ satisfies
Λ′ ⊂ Z× Rd−1, (5.10)
which establishes part (i) of the lemma.
The proof of part (ii) is along the same line. Assume that Ω+Λ is a tiling. We choose
a sequence {yn} with the same properties, but for δ := η(Σ)/3, where η(Σ) is defined
as in (2.4). Then the construction is performed in the same way, where the existence
of the number tn satisfying (5.7) at the n’th step of the construction is now guaranteed
by Lemma 5.2. Again we obtain a sequence Λn, and Ω + Λn is a tiling for every n
(Lemma 5.3). As before, the sequence Λn converges weakly to a limit Λ
′ satisfying
(5.10), and Ω + Λ′ is a tiling by Corollary 3.2. Thus part (ii) is also proved. 
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5.5.
Lemma 5.5.
(i) Suppose that Ω admits a spectrum Λ ⊂ Z× Rd−1. Then each one of the sets
Γk := {γ ∈ R
d−1 : (k, γ) ∈ Λ}, k ∈ Z, (5.11)
constitutes a spectrum for Σ.
(ii) Similarly, if Ω+Λ is a tiling and the set Λ is contained in Z×Rd−1, then Σ+Γk
is a tiling for each one of the sets Γk defined by (5.11).
Part (ii) of this lemma is obvious, so we shall skip its proof. Part (i) is a consequence
of [JP99, Lemma 2]. For completeness we include a self-contained proof of (i).
Proof of part (i) of Lemma 5.5. Let Λ ⊂ Z × Rd−1 be a spectrum for Ω. Fix k ∈ Z.
Observe that by Lemma 5.1, if γ, γ′ are two distinct elements of Γk, then γ
′ − γ must
lie in the zero set of 1̂Σ. Hence the system E(Γk) is orthogonal in L
2(Σ).
It remains to prove that this system is also complete in L2(Σ). Suppose that this is
not true. Then there is f ∈ L2(Σ) not identically zero a.e., such that
〈f, eγ〉L2(Σ) = 0, γ ∈ Γk. (5.12)
Consider a function F defined on Ω = I × Σ by
F (x, y) := ek(x)f(y), (x, y) ∈ I × Σ.
Then F ∈ L2(Ω). We claim that F is orthogonal in L2(Ω) to all the elements of the
system E(Λ). Indeed, we have Λ ⊂ Z×Rd−1, hence if λ is a point in Λ, then it has the
form λ = (m, γ), where m ∈ Z and γ ∈ Γm. This implies that
〈F, eλ〉L2(Ω) = 〈ek, em〉L2(I) · 〈f, eγ〉L2(Σ). (5.13)
If m 6= k then the first term on the right-hand side of (5.13) vanishes, while if m = k
then the second term must vanish due to (5.12). This confirms that
〈F, eλ〉L2(Ω) = 0, λ ∈ Λ.
But since F does not vanish identically a.e., this contradicts the completeness of the
system E(Λ) in L2(Ω). This contradiction concludes the proof. 
6. Conclusion of Theorems 1.1 and 1.2
The main results now follow easily from the previous lemmas.
Let Ω = I × Σ be a cylindric set in Rd. By applying an affine transformation we
may assume that I = [−1
2
, 1
2
] (it is well-known and easy to verify that the family of
spectral sets, or the sets which tile by translations, is invariant under invertible affine
transformations).
If Ω is spectral, then by Lemma 5.4 it admits a spectrum Λ ⊂ Z × Rd−1. Then
Lemma 5.5 implies that Σ is a spectral set. Conversely, assume that Σ is a spectral
set, and let Γ ⊂ Rd−1 be a spectrum for Σ. It is then easy to verify that Λ = Z × Γ is
a spectrum for Ω (see, for example, [JP99, Theorem 3]), and hence Ω is also spectral.
Thus Theorem 1.1 is established.
The conclusion of the proof of Theorem 1.2 is along the same line.
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7. Remark
By applying Theorem 1.1 (respectively, Theorem 1.2) several times, we obtain the
following more general version of the results:
Theorem 7.1. Let Ω = Q×Σ, where Q is a cube in Rn, and Σ is a bounded, measurable
set in Rm (n,m > 1). Then the set Ω ⊂ Rn+m is spectral if and only if Σ is a spectral
set. Analogously, Ω tiles by translations if and only if Σ tiles.
Note added in proof. After the submission of this paper, we were informed by M.
Kolountzakis that the “only if” part of Theorem 1.2 can be proved in the following
more general form: Let A ⊂ Rn, B ⊂ Rm be two bounded, measurable sets. If the set
Ω = A×B ⊂ Rn+m can tile by translations, then the same is true for both A and B. It
is not known whether the analogous assertion for spectral sets is also true.
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